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Summary. — The conditions ensuring the possibility of going over to
admissible co-ordinates (in the Lichnerowicz sense) are established for the
case of co-moving co-ordinates. It is proved that the Oppenheimer-
Snyder solution is correctly matched and does not need modifications.
Attempted modifications are shown to be incorrect.

1. — Introduetion.

Much has been done by LICHNEROWICZ (Y), in the general case, and by
ISRAEL (%), in the spherically symmetric case, to elucidate the problem of
junction conditions which had been studied previously by SyxGe and O’BRIEN (?).

From the mathematical point of view, the most simple and satisfactory
expression for the matching conditions is, following Linchnerowicz, the as-
sumption that there exists a system of co-ordinates called admissible in which
the metric tensor satisfies the continuity conditions

1) Gir=— (02; %

{the piecewise continuity of the metric up to the third derivative in a finite
number of subdomains and the continuity of the metric and its first derivatives
across each 3-space separating two subdomains).

(M A. TacaNerowicz: Théories relativistes de la gravitation et de Uéleciromagnetisme
(Paris, 1955).

(2) W. IsRAEL: Proc. Roy. Soc., A 248, 404 (1958).

(3) 8. O’BRIEN and J. L. SYNGE: Jump conditions al discontinuities in general
relativity, in Comm. Dublin Inst. Adv. Stud., A 9 (1952).
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However, whenever these continuity conditions are not satisfied at a given
boundary, we face a priori two possibilities: either the matehing at this boundary
is incorrect or the matching is correct but the co-ordinates are not admissible.

It is possible in principle to find out which one of the two possbilities is
the correct one by going over to Gaussian co-ordinates; Lichnerowicz has shown
that Gaussian co-ordinates are admissible so that expressed in these co-ordi-
nates it is always possible to check the correctness of the junction conditions (1).

However, it is not always easy to go over to Gaussian co-ordinates; solu-
tions are often expressed in a simpler way in non-Gaussian co-ordinates; to
go over to Gaussian co-ordinates we have to solve a system of partial-differ-
ential equations which, more often than not, are very complicated.

ISRAEL (2) gives the junction conditions for the g, in the case of curvature
co-ordinates, i.e. for which the line element is of the form

(2) ds?=— A(r, t)dr* — r*(d0? 4 sin®0 d¢?) + B(r, t)dt*

(these co-ordinates are derivable from admissible ones by a Ci-transformuation
and are therefore not admissible); as a result, ISRAEL establishes the junction
conditions

(3) (Agn)?= AguAgy, s
(4) (Ag;)z - AgllAg;4 3

which are weaker than (1); they are for instance satisfied if we take Ag,; =0,
Ag414 =0, Agy, # 0, Ay # 0.

However, when working for instance with co-moving co-ordinates (7= 0)
it is not known a priori if the co-ordinates are derivable from admissible ones
by a C'- or a (°-transformation. This has given rise to controversy as to the cor-
rectness of the Oppenheimer-Snyder solution (in which Ag,# 0) and to at-
tempts by HoYLE-NARLIKAR (%), McVITTE (°) and NARIAI (°) to propose dif-
ferent solutions.

This paper deals with the conditions to be imposed on the metric in the
co-moving case so as to ensure the existence of an admissible system of co-ordi-
nates obtainable by a co-ordinate transformation.

2. — Assumptions.

We shall not assume the continuity of the metric g, at the junction hyper-
surface; we shall however assume:

4 HoyrLe and J. V. NARLIKAR: Proc. Roy. Soc., A 278, 465 (1964).

(®) G. C. McVitTiE: Astrophys. Jowrn., 140, 401 (1964).
(°) H. Nariar: Progr. Theor. Phys., 34, 173 (19635).
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1) The continuity of the co-ordinates x° across the junction hypersurface.

2) That the induced 3-metric on the junction hypersurface is the same
for both sides of the hypersurface (it can be shown that this assumption is
implied in assumption 1)).

3) The junction hypersurface has for equation r = R = const, the same
for both sides of the hypersurface.

Assumption 2) means that the junction 2-surface is at rest in our system of
co-ordinates.

4) We shall suppose that the metric is of the form

(5) — At dr*— B*(d6? + sin?0 de?) 4- CT a2,

(6) — A~ dr* — B~ (d0® + sin?6 d¢?) + O~ de?,

the signs 4 and — indicating the solution on one side or another of the junec-
tion hypersurface.

Any co-moving spherieally symmetric solution can be put into this form.
In fact a change of co-ordinates can be made with two arbitrary functions
r = 7(7, 1); t = (7, {) which allows us therefore to impose two conditions for
determining these functions. We can therefore always impose as conditions
the co-moving one 7, =0 as well as the vanishing of the coefficient of drdt
in the metric tensor.

3. — The junction conditions.
The induced metric on the hypersurface r = R by the two solutions (5)
and (6) is
(7) — BT A2 Otadee,
(8) — B~ a4 C-de

(with 4£2= d6% + sin%*fde?), therefore we must have on the hypersurface,
according to assumption 1):

9 (B"=B7], [0"=(T],

(an equation between square brackets will indicate that the quantities are cal-
culated at the hypersurface r = R).
Avpplying the transformation

(10) r=p(71), = ¢(7, t)
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on the — metric (6) and the transformation
(11) r=f{F1t, t=g71)

on the - metric (5), we go over to normal Gaussian co-ordinates which are
characterized in our case by

(12) gu=1, g1:=0.

In the new system of co-ordinates we can impose that the junction hyper-
surface be also characterized by r = R. The condition ¢,,= 1 ¢an be written

(13) ATfi —Crgi=1,
(14) A pi—Cgi=1

(the lower indices indicate partial differentiation).
The condition g;,= 0 leads to

(15) ATfifs —C"g19:= 0,
(16) A"pipe—C =0
We have therefore four partial-differential equations to determine the four

unknown functions f, ¢, p and ¢. The Cauchy initial data on the junction hyper-
surface may be determined from (10) and (11); we obtain

an) f(B,5) =R,
(18) gR, t)=1¢,
(19) PR, 1)=R,
(20) QR Ty =1

(eqgs. (18) and (20) may always be imposed by a transformation of the time co-
ordinate not involving the radial co-ordinate).

The four partial-differential equations with their Cauchy data should de-
termine the solution; however, the Lichnerowicz conditions impose the con-
tinuity of the metrie coefficients and their first derivatives in the case of Gaus-
sian co-ordinates. We must therefore impose the following:

[aB+ B e-fr] (G — O] [e('+ B E-C"}

cr cr cr cF

17 - Il Nuovo Cimenfo B,
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These conditions may be written as follows:

(21) [B*fi+ B g:=B p.+ B ql,

(22) [CTg;— AT f3= Cq; — A p3],

(23) [C?9§+2C+92921 — A;Lfg —24% fofp = Ccy Q§+20—42421 — Al—pg — 247 Py pa] -
With the additional conditions (21), (22) and (23), the problem of deter-

mining the four functions f, g, p and ¢ becomes over-determined so that we

must find out the compatibility conditions. Let us remark that the Cauchy
data (17) and (19) impose already

(24) [fo=p,= 0],
in consequence of which the partial-differential equations (15) and (16) lead to
(25) [9:= ¢ = 0]

(the alternative [g, or ¢g,= 0] is forbidden by (18) and (20)). Moreover, we
have from the Cauchy data (18) and (20)

(26) [g:= ¢ =1].

The additional conditions (21), (22) and (23) become

(27) [Bff, = Bip,],
(28) [Ctg;=C431,
(29) [CTgs= CT g3, or [Cf = (7.

Equation (28) is always satisfied and does not represent an additional
condition.

Taking into account that from (13) and (14) we have
(30) [A7fi=1], and [4A"pi=1],
we may write instead of (27)

(31) [(B{)'|AT= (By)"|A7].

Conditions (29) and (31) are necessary for the compatibility of the partial-
differential equation (13), (14), (15) and (16) and their Cauchy data (17), (18), (19)
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and (20) with the additional conditions (21), (22) and (23); the sufficiency
of (29) and (31) is obvious if we see that once they are satisfied, the additional
conditions (21), (22) and (23) become mere consequences of the partial-diffe-
rential equations and their Canechy data. We may therefore state:

Two metrics of the form (5) and (6) joined at an hypersurface of equation
r = R = const and having the same induced metric on the hypersurface can
be transformed to an admissible system of co-ordinates if the conditions (29)
and (31) are satisfied; these conditions are necessary and sufficient.

Since the identity of the induced metric implies the continuity of B and C,
the junection conditions are in our case

(32) [BY=B7], [¢"=CT], [CF=07], [(B)YAT=(B)A7].

4, — The matching problem in the Oppenheimer-Snyder solution.

These results allow us to settle the controversy that has been raised ()
about the Oppenheimer-Snyder (*) solution given by

(33) B — [g_j @m)? (%) . ’]— ’
(34) A= (B14B",

(35) ¢t —1,

(36) B~ = [_ﬁ) (2m)t ¢ - 73]5 ’

(37) A™= (B])*/4B~,

(38) C=1.

It is seen by inspection that all the junction conditions (32) are satisfied:
we can therefore say that the Oppenheimer-Snyder solution is a correctly
matched solution in the Lichnerowicz sense.

The same cannot be said about the Hoyle-Narlikar () procedure. They
apply on the co-moving solution a transformation of co-ordinates that destroys
the co-moving character of the solution in order to be able to match it to the statie
form of Schwarzschild’s exterior solution. In such a case it is not enough to

(") H. Nar1ar: Progr. Theor. Phys., 34, 155 (1963).
(°) J. R. OPPENHEIMER and H. SNYDER: Phys. Rev., 56, 455 (1839).
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ensure the continuity of the metric but we have to secure two additional con-
ditions that have been established by IsRAEL (3). These conditions that are
weaker than the requirement of continuity for the first derivatives are not ful-
filled in the case of the Hoyle-Narlikar solution.

As to McVITTE (°), he goes over to nonorthogonal co-ordinates in which
he succeeds to secure the continuity of the metric coefficients and their space
derivatives. However, unlike what is the case in the co-moving orthogonal co-
ordinates, it is necessary here to secure the continuity of the time derivatives
of the metric coefficients. Not having done this, McVitte’s solution is not
correctly matched.

Remark. The co-moving condition T; = 0 has not been used in the deri-
vation of the junction conditions (32); therefore, these junction conditions
are valid in all spherically symmetric cases in which the junetion surface is
at rest (including of course the co-moving case).

RIASSUNTO (%

Si stabiliscono le condizioni che assicurano la possibilita di passare alle eoordinate
ammissibili (nel senso di Lichnerowicz) nel caso di coordinate che si muovano assieme.
Si dimostra che la soluzione di Oppenheimer e Snyder & corretta ¢ che non sono neces-
sarie delle modifiche. Si dimostra che le modifiche tentate non sono corrette.

(*) Traduzione a cura della Redazione.

YcinoBus CHIMBKH s chepHYeCKH CHMMETPHYHOIO BellecTBA
B CONYTCTBYIOLIMX KOOPAMHATAX.

Pesrome (*). — ns ciyvas COMyTCTBYIOLIMX KOOPDAMHAT YCTAHABIMBAIOTCS YCIOBMS,
obecneynBarolIie BO3MOXHOCTL IEPEXOJa K HONYCTMMBIM KOOpIMHaTaM (B CMBICIIE
JluinnepoBuua). IlokaseiBaetcs, 41O peiieHue Onmnenreiivepa-CHunepa sBIAIOTCA KOp-
PEKTHO MOAOOPAHHBIMH M He HYXKIAIOTcs B u3MeHeHusix. Iloxa3eiBaeTcs, 4TO NIpEAINPH-
HATHIE BHIOU3MCHEHHS SBJISIOTCS HEKOPPEKTHBIMMU.

(*) Hepesedeno pedaryueil.



